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The eigenstate entanglement entropy has been recently shown to be a powerful tool to distinguish
integrable from generic quantum-chaotic models. In integrable models, a unique feature of the
average eigenstate entanglement entropy (over all Hamiltonian eigenstates) is that the volume-law
coefficient depends on the subsystem fraction. Hence, it deviates from the maximal (subsystem frac-
tion independent) value encountered in quantum-chaotic models. Using random matrix theory for
quadratic Hamiltonians, we obtain a closed-form expression for the average eigenstate entanglement
entropy as a function of the subsystem fraction. We test its correctness against numerical results for
the quadratic Sachdev-Ye-Kitaev model. We also show that it describes the average entanglement
entropy of eigenstates of the power-law random banded matrix model (in the delocalized regime),
and that it is close but not the same as the result for quadratic models that exhibit localization in
quasimomentum space.
Introduction. Entanglement, a genuine property of the
quantum world, provides unique ways of characterizing
quantum many-body systems [1–4]. Studies of entan-
glement indicators have contributed novel insights into
properties of ground states [5, 6], quantum phase tran-
sitions [7, 8], information scrambling in nonequilibrium
quantum dynamics [9, 10], and highly excited Hamilto-
nian eigenstates that comply with the eigenstate thermal-
ization hypothesis (ETH) [11–13] (see Refs. [14–17] for
reviews). Models that exhibit quantum chaos and eigen-
state thermalization are usually referred to as quantum-
chaotic models [15], and typical eigenstates in such mod-
els have been found to exhibit a maximal von-Neumann
entanglement entropy [18–20].
Let |m〉 be an eigenket of a lattice Hamiltonian with
two states per site in one dimension (the Hamiltonians of
interest in this work). To compute the von-Neumann en-
tanglement entropy (in short, the entanglement entropy)
of |m〉, we bipartition the lattice with L sites into a sub-
system A with LA contiguous sites and the environment
B with L−LA sites, and trace out the environment sites
to obtain the reduced density matrix of subsystem A,
ρˆ
(m)
A = TrB{|m〉〈m|}. The entanglement entropy is then
obtained as Sm = −Tr{ρˆ(m)A ln ρˆ(m)A }.
For highly excited eigenstates of quantum-chaotic
Hamiltonians, the leading term in Sm has been found to
be proportional to LA (for 1  LA ≤ L/2) and consis-
tent with the thermodynamic entropy at the correspond-
ing energy [18–36]. Since the overwhelming majority of
energy eigenstates in such systems is at “infinite temper-
ature”, this means that typical eigenstates have
Sm(LA) ' LA ln 2. (1)
This result matches the average entanglement entropy
S¯ of random pure states [37] (as well as the typical en-
tropy [38]). The presence of conserved quantities other
than the total energy, such as the particle number, only
modifies subleading terms [19].
In sharp contrast to quantum-chaotic models, transla-
tionally invariant quadratic fermionic models (or models
mappable to them) have been proved to exhibit a qualita-
tively different behavior of the average and typical entan-
glement entropy of their many-body eigenstates [39–41].
The leading term in the average was proved to be propor-
tional to LA (for 1 LA ≤ L/2), but it depends on the
subsystem fraction f = LA/L, and is smaller than the
maximal value for f > 0. Qualitatively similar results
were obtained numerically for free fermions in a super-
lattice in two dimensions [42], and for the translationally
invariant interacting integrable spin-1/2 XXZ chain [43].
Actually, the results in the latter model were very close
(potentially identical in the thermodynamic limit) to the
ones for quadratic models in Refs. [39–41].
Integrable models are characterized by extensive num-
bers of nontrivial conserved quantities [44–46], and ex-
hibit distinct properties such as absence of thermaliza-
tion when taken far from equilibrium [47–50]. This is
attributed to the fact that their eigenstates violate the
ETH [13, 43, 50–54]. Lack of thermalization close to
integrable points is robust enough as to be accessible
in experiments with ultracold atoms [55–58], in which
distributions of conserved quantities (rapidities) were re-
cently measured [59]. It is then important to develop
theoretical tools to distinguish integrable from quantum-
chaotic models. The results in Refs. [39–43] show that the
eigenstate entanglement entropy is one of such tools. In
contrast to traditionally used spectral properties, it does
not require finding and removing all symmetries of the
model [15]. Another recently introduced eigenstate-based
tool, the AGP norm, involves studying the response of
many-body eigenstates to perturbations [60].
For the eigenstate entanglement entropy, a stepping
stone missing for integrable models that is available for
quantum-chaotic ones is a closed-form expression for the
average entanglement entropy, like the one in Ref. [37],
which could serve as a reference point to compare to re-
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2sults obtained for specific Hamiltonians. We provide such
a stepping stone in this work.
The close-form expression is, for f ≤ 1/2 [61],
S¯(LA, f) =
[
1− 1 + f
−1(1− f) ln(1− f)
ln 2
]
LA ln 2 ,
(2)
and we obtain it using random matrix theory (RMT) for
quadratic Hamiltonians. We test Eq. (2) against numer-
ical results for the quadratic Sachdev-Ye-Kitaev (SYK2)
model, and provide evidence that it describes the average
entanglement entropy of many-body eigenstates in the
delocalized regime of the power-law random banded ma-
trix (PLRBM) model. We also show that localization in
quasimomentum space (e.g., because of translational in-
variance) results in (small) deviations from Eq. (2). This
is in stark contrast to what happens in quantum-chaotic
systems, in which the presence of translational invariance
does not affect the leading term in the average entangle-
ment entropy [19].
Derivation of Eq. (2). We consider quadratic fermionic
Hamiltonians which, after diagonalization, can always be
written as Hˆ =
∑L
q=1 εq cˆ
†
q cˆq, where εq are the single-
particle eigenenergies and {|q〉 = cˆ†q|∅〉 ; q = 1, ..., L}
are the single-particle energy eigenkets. Let the unitary
transformation between the energy eigenkets and the po-
sition eigenkets {|i〉 = fˆ†i |∅〉 ; i = 1, ..., L} be carried out
by a matrix with elements viq, so that fˆi =
∑L
q=1 viq cˆq.
The many-body eigenkets of Hˆ can be written as
{|m〉 = ∏{ql}m cˆ†ql |∅〉 ; m = 1, ..., 2L}, where {ql}m rep-
resents the m-th set of occupied single-particle energy
eigenkets. Introducing Nˆq = 2cˆ
†
q cˆq−1, for which Nˆq|m〉 =
Nmq |m〉 with Nmq = 1 (−1) for occupied (empty) single-
particle eigenkets in |m〉, we can write the generalized
one-body correlation matrix (in short, the correlation
matrix) Jm as
(Jm)ij = 2 〈m|fˆ†i fˆj |m〉 − δij =
L∑
q=1
Nmq v
∗
iqvjq , (3)
where i, j ≤ LA, and we denote the eigenvalues as
{λ(m)j ; j = 1, ..., LA}. In Eq. (3) we used the orthonor-
mality condition: δij =
∑L
q=1 v
∗
iqvjq. Further on, we
shorten the notation Jm → J and λ(m)j → λj .
The entanglement entropy of many-body eigenket |m〉
can then be computed as [6, 62],
Sm=−
LA∑
j=1
(
1 + λj
2
ln
[
1 + λj
2
]
+
1− λj
2
ln
[
1− λj
2
])
,
(4)
and the average (over all eigenstates) entanglement en-
tropy is defined as S¯ ≡ 2−L∑2Lm=1 Sm.
In order to make analytic progress in the evaluation of
S¯, one can write
S¯ = LA ln 2−
∞∑
n=1
Tr {J 2n}
2n (2n− 1) . (5)
This series was proved to be convergent in Ref. [39]. The
fact that only even powers of the correlation matrix J
appear in the series enabled the computation of upper
and lower bounds in Refs. [39–41], e.g., truncating the
sum yields an upper bound for S¯. In this work, however,
we use Eq. (5) to obtain a closed-form expression for S¯.
Our central assumption is a random matrix theory
(RMT) assumption for the single-particle energy eigen-
kets. We assume that viq = uiq/
√
L, where uiq is a nor-
mally distributed complex variable with zero mean and
unit variance. This is equivalent to assuming that the
quadratic Hamiltonians are represented by random ma-
trices drawn from the Gaussian unitary ensemble (GUE).
We note that our (leading-term) results do not change if
we assume uiq to be a normally distributed real variable
with the same mean and variance, or the Hamiltonians
to be represented by matrices drawn from the Gaussian
orthogonal ensemble (GOE), see Ref. [63].
Let us use our assumption to evaluate the first trace
(n = 1) in the series in Eq. (5). Using Eq. (3), we get
Tr{J 2} = 1
L2
LA∑
i,j=1
L∑
q1,q2=1
Nmq1N
m
q2 u
∗
iq1ujq1u
∗
jq2uiq2
=
1
L2
LA∑
i,j=1
L∑
q=1
|uiq|2|ujq|2 , (6)
where the average over all m is Nmq1N
m
q2 = δq1,q2 . Then,
the RMT assumption implies that
∑LA
a=1 |uaq|2 = LA for
a = i, j, which yields
Tr{J 2} = L
2
A
L
= LAf . (7)
Remarkably, this is exactly the universal result one gets
for translationally invariant systems [39].
We have also computed the averages of traces for pow-
ers n = 2, 3, and 4 (see Ref. [63] for details),
Tr{J 4} = LA
(
2f2 − f3) , (8)
Tr{J 6} = LA
(
5f3 − 6f4 + 2f5) , (9)
Tr{J 8} = LA
[
14f4 +O(f5)] . (10)
Plugging these results in Eq. (5), we get
S¯ = LA ln 2− LA
[
f
2
+
f2
6
+
f3
12
+
f4
20
+O(f5)
]
. (11)
Equation (11) is an exact expansion in f up to O(f5),
since Tr{J 2n}/LA is in general a polynomial that, in the
thermodynamic limit (L → ∞), contains only powers
from fn up to f2n−1 [39].
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FIG. 1. (a) Average entanglement entropy S¯/(L/2 ln 2) as a
function of subsystem fraction f . Solid lines show the maxi-
mal value for random pure states (1) and the RMT prediction
S¯ for quadratic models (2), while the dashed line and symbols
correspond to numerical results for the SYK2 and the PLRBM
model, respectively, for L = 100 lattice sites. The numerical
results were obtained by averaging over 5 × 105 many-body
eigenstates, and 500 Hamiltonian realizations. (b) and (c)
Finite-size scaling of (S¯ − S¯model)/(LA ln 2), where S¯model are
the numerical results obtained for the SYK2 and the PLRBM
model, respectively. Lines are fits of the results (for L ≥ 50)
to the function a0 + a1/L, with free parameters a0 and a1.
We get |a0| . 10−3 in all cases.
The computation of the traces in Eq. (5) becomes in-
creasingly tedious as n increases [63] so, given our results
in Eq. (11), we conjecture the answer to be the series
S¯ = LA ln 2− LA
∞∑
n=1
fn
n (n+ 1)
, (12)
which yields Eq. (2), our main result in this Letter. A
first test of the correctness of our conjecture is provided
by S¯(LA, 1/2) = (2 ln 2− 1)LA, as found in Ref. [64]. In
what follows, we verify Eq. (2) numerically, and explore
its applicability for various models.
SYK2 and the PLRBM model. In position space, our
quadratic Hamiltonians (in chains with L sites) read
Hˆ =
L∑
ij
Aij fˆ
†
i fˆj , (13)
where Aij = A
∗
ji. In order to test the correctness of our
conjecture (12) and of the resulting eigenstate entangle-
ment entropy average (5), we construct matricesA drawn
from the GUE. Namely, matrices whose elements Ai 6=j
are i.i.d. complex numbers whose real and imaginary part
are normally distributed with zero mean and variance
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FIG. 2. Variances σ versus 1/L for (a) the SYK2 model,
and (b) the PLRBM model, at different subsystem fractions
f (with LA = bfL+ 1/2c for incommensurate f). For a given
Hamiltonian realization, we define σ2µ = (S2 − S2)/(LA ln 2),
where the average is carried out over all many-body eigen-
states. We then obtain σ by averaging σµ over M Hamilto-
nian realizations (M = 50 for L > 16, M = 100 for L ≤ 16).
Lines are fits to a single-parameter function a1/L for L ≥ 20.
1/L, while the elements Aii are i.i.d. normally distributed
real numbers with zero mean and variance 2/L. For such
matrices A, Eq. (13) is known as the Dirac fermion ver-
sion of the SYK2 model (in short, the SYK2 model). Due
to particle-hole symmetry, the entanglement entropy of
the SYK2 model does not change if one replaces the Dirac
fermions with Majorana fermions [64]. In spite of large
interest in entanglement properties of typical eigenstates
of the SYK2 model [64, 65] (and the quantum-chaotic
SYK4 model [66, 67]), a closed-form expression for the
subsystem fraction dependence has remained elusive.
In Fig. 1(a), we show that the numerical evaluation
of the average eigenstate entanglement entropy of the
SYK2 model, for a chain with L = 100 sites, follows very
closely the analytical prediction in Eq. (2). The small
differences between the two are due to finite-size effects.
In Fig. 1(b), finite-size scaling analyses for different val-
ues of f reveal that the numerical results converge to the
analytic predictions with increasing system size.
We also studied the average eigenstate entanglement
entropy in the so-called PLRBM model, which is a model
that exhibits a delocalization-localization transition in
one dimension [68]. In that model, the matrix elements
Aij are taken to be real numbers normally distributed
with zero mean and an algebraically decaying variance
Var(Aij) = 1/[1+(|i− j|/β)2α]. We use open boundaries
and focus on the delocalized regime by setting α = 0.2
and β = 0.1 [68]. The results for L = 100, also shown
in Fig. 1(a), closely follow our analytic prediction. Once
again the deviations are due to finite-size effects, which
are stronger than for the SYK2 model. In Fig. 1(c), finite-
size scaling analyses for different values of f reveal that
the numerical results for the PLRBM model converge to
the predictions of Eq. (2) with increasing system size.
For both the SYK2 and PLRBM models, we find that
the variances σ of the distributions of eigenstate entan-
glement entropies for f > 0 vanish in the thermodynamic
limit, see Fig. 2. This means that the typical eigenstate
entanglement entropy is the same as the average. Hence
both terms can be used interchangeably. For both mod-
4els, we find the scaling σ ∝ 1/L for large L. It is in-
teresting to note that an identical scaling was found in
Ref. [39] for translationally invariant free fermions in the
limit f → 0, for which it was shown that the distribution
of eigenvalues of the correlation matrices J is described
by a Toeplitz Gaussian ensemble.
Deviations from Eq. (2). Many-body eigenstates of
models that are localized in position space exhibit an
area law entanglement entropy. Hence, the average and
typical eigenstate entanglement entropy in those models
is not described by Eq. (2). In what follows we discuss
what happens for quadratic models that exhibit localiza-
tion in quasimomentum space.
First, we consider spinless fermions with nearest neigh-
bor hoppings in a homogeneous lattice with either peri-
odic (PBCs) or open (OBCs) boundary conditions,
HˆPBC/OBC=−
L−1∑
i=1
(
fˆ†i fˆi+1+fˆ
†
i+1fˆi
)
−η
(
fˆ†Lfˆ1+fˆ
†
1 fˆL
)
,
(14)
where η = 1 for HˆPBC and η = 0 for HˆOBC. Several
previous studies focused on the entanglement entropy of
excited eigenstates in these and related models [39–42,
69–74].
The volume-law coefficient of the average entangle-
ment entropy S¯PBC/(LA ln 2) of HˆPBC can be calculated
numerically very accurately in the thermodynamic limit
(the finite-size effects are exponentially small in L) [41].
Figure 3(a) depicts a finite-size scaling analysis of the
difference between the latter and the volume-law coeffi-
cient in Eq. (2), S¯/(LA ln 2). This analysis shows that
they are (slightly) different. Such a difference highlights
that, contrary to quantum-chaotic systems in which lo-
calization in quasimomentum space does not affect the
volume-law coefficient, in quadratic systems it does [75].
This is consistent with the analytic observation that
the Maclaurin series of S¯ and S¯PBC (cf. Eq. (57) in
Ref. [41]) differ starting with the term proportional to
f2. Using OBCs one can relax the condition of the
single-particle energy eigenstates being quasimomentum
eigenstates, while still keeping them localized in quasi-
momentum space. The results in Fig. 3(b) suggest that
S¯OBC/(LA ln 2)→ S¯PBC/(LA ln 2) in the thermodynamic
limit, namely, that OBCs do not affect the volume law.
The second example is the quasiperiodic Aubry-Andre´
model [76]
HˆAA = HˆOBC +W
L∑
i=1
cos (2piσi+ φ) fˆ†i fˆi , (15)
whose eigenstate entanglement properties have also been
studied in the past [77–79]. We set σ =
(√
5− 1) /2
to ensure incommensurability of the potential with the
lattice periodicity, and φ is a constant. In the regime
we are interested in, namely W < 2, the single-particle
energy eigenstates are delocalized in position space and
localized in quasimomentum space [76, 80].
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FIG. 3. Finite-size scalings at different subsystem fractions
f . (a) (S¯ − S¯PBC)/(LA ln 2) vs 1/L. Lines are fits to a con-
stant. (b) (S¯PBC − S¯OBC)/(LA ln 2) vs 1/L. Lines are fits to
a two-parameter function a0 + a1/L. We get |a0| < 4× 10−5
in all cases. The numerical results in (a) and (b) were ob-
tained by averaging over at least 106 many-body eigenstates.
(c) (S¯OBC − S¯AA)/(LA ln 2) vs 1/
√
L. Results for S¯AA are
averaged over 104 − 106 many-body eigenstates for a single
realization of HˆAA, followed by 100-500 realizations with ran-
dom parameters W ∈ [0.55, 0.65] and φ ∈ [0, 2pi). Lines are
fits to a two-parameter function g(L) = a0 + a1/
√
L. In pan-
els (a)-(c), we use results for L ≥ 70 in the fits. (d) Quality of
the fits in panel (c), defined as δ2 =
∑
j [δs(Lj)− g(Lj)]2/N ,
where δs = (S¯OBC − S¯AA)/(LA ln 2) and N is the number of
fitted points. We fix the intercept a0 in the function g(L), and
plot δ vs a0. Vertical dashed lines depict (S¯−S¯OBC)/(LA ln 2).
We find that the subleading corrections to the volume-
law coefficient of the average entanglement entropy
S¯AA/(LA ln 2) are much larger than in the homogeneous
models. To subtract the effect of OBCs, we compute
(S¯OBC− S¯AA)/(LA ln 2) and plot it vs 1/
√
L in Fig. 3(c).
The results there suggest that the first subleading term in
S¯AA (for f > 0) is ∝
√
LA. We estimate the volume-law
coefficient by finding the minimum of the quality δ of the
linear fits in Fig. 3(c). The results in Fig. 3(d) strongly
suggest that S¯AA is not described by S¯ in Eq. (2) (see the
differences between the positions of the minima of δ and
the vertical dashed lines). The leading volume-law term
in S¯AA is very close (possibly the same) as for S¯PBC/OBC.
Summary. We report a closed-form expression for the
average eigenstate entanglement entropy S¯ of random
quadratic Hamiltonians [Eq. (2)], which can be seen as
the RMT free-fermion counterpart to Page’s result [37].
We tested it against numerical results for the SYK2
model (and an analytical result for f = 1/2 [64]). We
showed that S¯ describes the average and typical entan-
glement entropy in the PLRBM model. We also showed
that, in contrast to what happens with quantum-chaotic
systems, localization in quasimomentum space leads to
(small) deviations from S¯. Our results provide a stepping
stone for studies of the average and typical entanglement
5entropy of eigenstates of integrable models, whose struc-
ture has started to be unveiled as being much richer than
the one of quantum-chaotic models [43, 60, 81].
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S1. TRACES OF CORRELATION MATRICES
The main ingredient in the calculation of the average
(over all eigenstates) entanglement entropy S¯ [cf. Eq. (5)
in the main text] is the average of traces of powers of
correlation matrices J , given by the general expression
Tr{J 2n} = 1
L2n
LA∑
i1,i2,...,i2n
L∑
q1,q2,...,q2n
Nmq1N
m
q2 ...N
m
q2n
× u∗i1q1ui2q1u∗i2q2ui3q2 ... u∗i2nq2nui1q2n ,
(S1)
where {ia} are position indices running from 1 to LA,
and {qa} are single-particle energy eigenket indices run-
ning from 1 to L. The average Nmq1N
m
q2 ...N
m
q2n in Eq. (S1)
is carried out over all eigenstates. The only nonzero con-
tribution is Nmq1N
m
q2 ...N
m
q2n = 1, which is obtained for
configurations of {qa} with every qa belonging to some
r-tuple of single-particle energy eigenstate indices (r is
an even integer). We denote an r-tuple as
(qa1 , qa2 , ..., qar ), (S2)
which implies that qa1 = qa2 = ... = qar , and every
element from the tuple differs from every other single-
particle energy eigenstate index qb. For a fixed n in
Eq. (S1), the possible configurations of tuples that give
nonzero contributions to Tr{J 2n} range from n different
2-tuples to a single 2n-tuple.
We sort all {qa} on a unit circle, with a = 1, 2, ..., 2n.
We consider an r-tuple to be connected if the indices
a1, a2, ..., ar reside on r consecutive sites on a unit cir-
cle. For a fixed n, we split the total contribution to
Tr{J 2n}/LA into contributions of different configura-
tions of r-tuples. For example,
χr1,r˜2,r3,... (S3)
denotes the contribution to Tr{J 2n}/LA that consists of
an r1-tuple, an r2-tuple, an r3-tuple, ..., with r1 + r2 +
r3 + ... = 2n. Moreover, r˜2 in Eq. (S3) indicates that the
r2-tuple is connected.
The goal of our work is to derive the volume-law contri-
bution to S in the limit 1 LA ≤ L/2. This requires the
calculation of the terms in χr1,r˜2,r3,... that are constant
in the thermodynamic limit LA, L→∞, while keeping f
fixed.
A. Case n = 2 in Eq. (S1)
For n = 2, nonzero contributions to Nmq1N
m
q2N
m
q3N
m
q4 in
Eq. (S1) stem from either configurations of two 2-tuples
{(qa, qb), (qc, qd)} or a single 4-tuple {(qa, qb, qc, qd)}. In
what follows we consider each class of contributions sep-
arately.
1. Contribution from a single 4-tuple
The contribution from a single 4-tuple is denoted as χ4˜.
In this case all single-particle energy eigenstate indices in
Eq. (S1) are identical and we get
χ4˜ =
1
LAL4
LA∑
i1,i2,i3,i4
L∑
q1
|ui1q1 |2|ui2q1 |2|ui3q1 |2|ui4q1 |2.
(S4)
The latter expression can be rearranged by carrying out
the sum over position indices first,
χ4˜ =
1
LAL4
L∑
q1
(
LA∑
i
|uiq1 |2
)4
. (S5)
At this stage, we apply the random matrix theory (RMT)
approximation for single-particle energy eigenstate coef-
ficients,
LA∑
i=1
|uiq|2 = LA, (S6)
which simplifies Eq. (S5) to
χ4˜ = f
3. (S7)
2. Contribution from two 2-tuples
There are three possible configurations of two
2-tuples: {(q1, q2), (q3, q4)}, {(q2, q3), (q1, q4)} and
{(q1, q3), (q2, q4)}. The contribution to Eq. (S1) from the
first two is identical, we denote it as χ2˜,2˜, while the third
contribution is denoted by χ2,2. We find χ2˜,2˜ 6= 0 and
χ2,2 = 0. Below we sketch the derivation of χ2˜,2˜ in more
detail.
S2
For simplicity, we only consider q1 = q2 and q3 = q4 in
Eq. (S1), which gives
χ2˜,2˜ =
1
LAL4
LA∑
i1,i3
L∑
q1 6=q3
u∗i1q1ui3q1u
∗
i3q3ui1q3
×
(
LA∑
i2=1
|ui2q1 |2
)(
LA∑
i4=1
|ui4q3 |2
)
. (S8)
Using the RMT approximation, Eq. (S6), one can eval-
uate the sums over i2 and i4, which simplify Eq. (S8)
to
χ2˜,2˜ =
LA
L4
LA∑
i1,i3
(
L∑
q1=1
u∗i1q1ui3q1
)(
L∑
q3=1
u∗i3q3ui1q3
)
− χ4˜.
(S9)
The single-particle energy eigenstate indices q1 and q3 in
the first term on the r.h.s. of Eq. (S9) are independent,
hence one needs to subtract χ4˜ [derived in Eq. (S7)] that
includes the q1 = q3 contribution. We then use the or-
thogonality condition
L∑
q=1
u∗iqui′q = Lδii′ (S10)
to arrive at the final expression
χ2˜,2˜ =
L2A
L2
− χ4˜ = f2 − f3. (S11)
3. Total contribution
To summarize, the volume-law contribution to Tr{J 4}
is a weighted sum of contributions derived in Sec. S1 A,
Tr{J 4}
LA
= 2χ2˜,2˜+χ4˜ = 2(f
2−f3)+f3 = 2f2−f3, (S12)
which is Eq. (8) of the main text.
B. Case n = 3 in Eq. (S1)
At n = 3, nonzero contributions to single-
particle energy eigenstate occupation averages
Nmq1N
m
q2N
m
q3N
m
q4N
m
q5N
m
q6 in Eq. (S1) stem from: (i) config-
urations of three 2-tuples {(qa, qb), (qc, qd), (qe, qf )},
(ii) configurations of a 4-tuple and a 2-tuple
{(qa, qb, qc, qd), (qe, qf )}, and (iii) a single 6-tuple
{(qa, qb, qc, qd, qe, qf )}. In what follows we consider each
class of contributions separately.
1. Contribution from a single 6-tuple
The derivation of this contribution, denoted as χ6˜, is
analogous to Eq. (S5). Using the RMT approximation,
Eq. (S6), it gives
χ6˜ =
1
LAL6
L∑
q1
(
LA∑
i
|uiq1 |2
)6
= f5. (S13)
Note that this type of contributions is ubiquitous for all
n and yields χ2˜n = f
2n−1.
2. Contribution from a 4-tuple and a 2-tuple
There are fifteen possible configurations of a 4-tuple
and a 2-tuple. Six of those configurations contain con-
nected tuples only, and each of them provides an iden-
tical nonzero contribution χ4˜,2˜ 6= 0. Contributions from
all other configurations are zero. Below we sketch the
derivation of χ4˜,2˜.
For simplicity, we only consider the 2-tuple (q1, q2) and
the 4-tuple (q3, q4, q5, q6). In this case we get
χ4˜,2˜ =
1
LAL6
L∑
q1 6=q3
LA∑
i1,i3
u∗i1q1ui3q1u
∗
i3q3ui1q3
×
(
LA∑
i2=1
|ui2q1 |2
)(
LA∑
i=1
|uiq3 |2
)3
. (S14)
Using Eq. (S6) for the sums in the parentheses, we ex-
press χ4˜,2˜ as
χ4˜,2˜ =
L3A
L6
LA∑
i1,i3
(
L∑
q1=1
u∗i1q1ui3q1
)(
L∑
q3=1
u∗i3q3ui1q3
)
−χ6˜ ,
(S15)
which, after using the orthogonality condition in
Eq. (S10) for the sums over q1 and q3, and the expression
for χ6˜ in Eq. (S13), yields
χ4˜,2˜ = f
4 − f5. (S16)
3. Contribution from three 2-tuples
Here one needs to distinguish between cases with dif-
ferent degrees of connectivity of 2-tuples. We find that
nonzero contributions stem from configurations of: (i)
three and (ii) two connected 2-tuples, which we denote,
respectively, as χ2˜,2˜,2˜ and χ2˜,2˜,2. Contributions from all
other configurations are zero.
(i) There are two configurations of three connected 2-
tuples, which yield identical contributions. For simplic-
ity we only consider the configuration {(q1, q2), (q3, q4),
(q5, q6)}. In this case,
χ2˜,2˜,2˜=
1
LAL6
L∑
q1 6=q3 6=q5
LA∑
i1,i3,i5
u∗i1q1ui3q1u
∗
i3q3ui5q3u
∗
i5q5ui1q5
×
(
LA∑
i2=1
|ui2q1 |2
)(
LA∑
i4=1
|ui4q3 |2
)(
LA∑
i6=1
|ui6q5 |2
)
.
(S17)
S3
Using Eq. (S6) for the sums over i2, i4, and i6, the ex-
pression is simplified to
χ2˜,2˜,2˜ =
L2A
L6
LA∑
i1,i3,i5
(
L∑
q1=1
u∗i1q1ui3q1
)(
L∑
q3=1
u∗i3q3ui5q3
)
×
(
L∑
q5=1
u∗i5q5ui1q5
)
− 3χ4˜,2˜ − χ6˜ . (S18)
Moreover, using the orthogonality condition in Eq. (S10)
for the sums over q1, q3, and q5, and results for χ4˜,2˜ and
χ6˜ from Eqs. (S16) and (S13), we arrive at
χ2˜,2˜,2˜ = f
3 − 3f4 + 2f5. (S19)
(ii) There are three configurations of three 2-tuples,
in which two of them are connected. They yield iden-
tical contributions. For simplicity we only consider the
configuration {(q1, q2), (q3, q6), (q4, q5)}. In this case,
χ2˜,2˜,2 =
1
LAL6
L∑
q1 6=q3 6=q4
LA∑
i1,i3,i4,i6
u∗i1q1ui3q1u
∗
i3q3ui4q3
×u∗i4q4ui6q4u∗i6q3ui1q3
(
LA∑
i2=1
|ui2q1 |2
)(
LA∑
i5=1
|ui5q4 |2
)
,
(S20)
which can be simplified using Eq. (S6) for the sums over
i2 and i5 to
χ2˜,2˜,2 =
LA
L6
LA∑
i1,i3,i4,i6
(
L∑
q1=1
u∗i1q1ui3q1
)(
L∑
q4=1
u∗i4q4ui6q4
)
×
(
L∑
q3=1
u∗i3q3ui4q3u
∗
i6q3ui1q3
)
− 2χ4˜,2˜ − χ4,2 − χ6˜ .
(S21)
Note that by treating single-particle energy eigenstate
indices q1, q3, and q4 as independent on the r.h.s. of
Eq. (S21) one needs to subtract the corresponding con-
tributions from higher-order tuples, which in this case
include contributions from both connected and discon-
nected tuples. The term χ4,2 (i.e., the contribution
from an unconnected 4-tuple and an unconnected 2-
tuple) is zero. Then, using the orthogonality condition
in Eq. (S10) for the sums over q1 and q4, we get
χ2˜,2˜,2=
LA
L4
L∑
q3=1
(
LA∑
i1=1
|ui1q3 |2
)(
LA∑
i4=1
|ui4q3 |2
)
−2χ4˜,2˜−χ6˜.
(S22)
Finally, applying Eq. (S6) for the sums over i1 and i4,
as well as Eqs. (S13)-(S16) for results for χ6˜ and χ4˜,2˜,
respectively, we arrive at
χ2˜,2˜,2 = f
3 − 2f4 + f5. (S23)
4. Total contribution
To summarize, the volume-law contribution to Tr{J 6}
is a weighted sum of contributions derived in Sec. S1 B,
Tr{J 6}
LA
= 2χ2˜,2˜,2˜ + 3χ2˜,2˜,2 + 6χ4˜,2˜ + χ6˜
= 5f3 − 6f4 + 2f5, (S24)
which is Eq. (9) of the main text.
C. Case n = 4 in Eq. (S1)
The derivation becomes increasingly tedious with in-
creasing n. For n = 4, we only compute the leading
contribution, i.e., the contribution that is proportional
to f4, which stems from configurations of four 2-tuples.
In particular, the contribution ∝ f4 is obtained by con-
figurations of four 2-tuples with: (1) four connected 2-
tuples, χ2˜,2˜,2˜,2˜, (2) three connected 2-tuples, χ2˜,2˜,2˜,2, and
(3) two connected 2-tuples, χ2˜,2˜,2,2. Below we derive each
of those contributions separately.
1. Four connected 2-tuples
There are two configurations of four connected 2-
tuples. For simplicity we only consider the configuration
{(q1, q2), (q3, q4), (q5, q6), (q7, q8)}. The derivation of the
leading term of χ2˜,2˜,2˜,2˜ is then analogous to the derivation
of χ2˜,2˜,2˜ in Eq. (S17), and yields
χ2˜,2˜,2˜,2˜ = f
4 +O(f5). (S25)
2. Three connected 2-tuples and one unconnected 2-tuple
There are eight configurations of four 2-tuples, in
which exactly three of them are connected. All of
them contain an identical leading term of χ2˜,2˜,2˜,2.
For simplicity we only consider the configuration
{(q1, q4), (q2, q3), (q5, q6), (q7, q8)}. In this case,
χ2˜,2˜,2˜,2 =
1
LAL8
L∑
q1 6=q2 6=q5 6=q7
LA∑
i1,i2,i4,i5,i7
× u∗i1q1ui2q1u∗i2q2ui4q2u∗i4q1ui5q1u∗i5q5ui7q5u∗i7q7ui1q7
×
(
LA∑
i3=1
|ui3q2 |2
)(
LA∑
i6=1
|ui6q5 |2
)(
LA∑
i8=1
|ui8q7 |2
)
.
(S26)
Using Eq. (S6) for the sums over i3, i6, and i8, followed
by the orthogonality relation Eq. (S10) for the sums over
S4
q2, q5, and q7, we arrive at
χ2˜,2˜,2˜,2 =
L2A
L5
L∑
q1
(
LA∑
i1=1
|ui1q1 |2
)(
LA∑
i2=1
|ui2q1 |2
)
+O(f5),
(S27)
which, using Eq. (S6) for the sums over i1 and i2, yields
χ2˜,2˜,2˜,2 = f
4 +O(f5). (S28)
3. Two connected 2-tuples and two unconnected 2-tuples
There are sixteen configurations of four 2-tuples, in
which exactly two of them are connected. However, not
all of them contain an identical contribution to the aver-
age entanglement entropy. We hence denote by χ2˜,2˜,2,2
only contributions from those configurations whose lead-
ing term scales as ∝ f4.
We find that the leading term ∝ f4 stems
from four configurations, given by Q =
{(q1, q2), (q3, q8), (q4, q7), (q5, q6)} and three rotations
of the latter configuration on a unit circle. For the
configuration Q, we get
χ2˜,2˜,2,2 =
1
LAL8
L∑
q1 6=q3 6=q4 6=q5
LA∑
i1,i3,i4,i5,i7,i8
u∗i1q1ui3q1
× u∗i3q3ui4q3u∗i4q4ui5q4u∗i5q5ui7q5u∗i7q4ui8q4u∗i8q3ui1q3
×
(
LA∑
i2=1
|ui2q1 |2
)(
LA∑
i6=1
|ui6q5 |2
)
. (S29)
Using Eq. (S6) for the sums over i2 and i6, followed by
the orthogonality relation Eq. (S10) for the sums over q1
and q5, Eq. (S29) can be simplified and hence the leading
contribution to χ2˜,2˜,2,2 is
χ2˜,2˜,2,2 =
LA
L6
L∑
q3,q4
LA∑
i5,i8
u∗i4q4ui4q3u
∗
i8q3ui8q4
×
(
LA∑
i1=1
|ui1q3 |2
)(
LA∑
i4=1
|ui4q4 |2
)
+O(f5).
(S30)
Using Eq. (S6) for the sums over i1 and i4, followed by
using Eq. (S10) for the sums over q3 and q4, and finally
summing over i5 = i8, yields
χ2˜,2˜,2,2 = f
4 +O(f5). (S31)
4. Total contribution, proportional to f4
To summarize, the volume-law contribution to Tr{J 8}
is a weighted sum of contributions derived in Sec. S1 C,
Tr{J 8}
LA
= 2χ2˜,2˜,2˜,2˜ + 8χ2˜,2˜,2˜,2 + 4χ2˜,2˜,2,2 +O(f5)
= 14f4 +O(f5), (S32)
which is Eq. (10) of the main text.
S2. GUE VS GOE RANDOM MATRICES
Here we show that the leading terms in the traces of
powers of correlation matrices J , computed in the pre-
vious section, are independent of whether one deals with
random matrices from the GUE or the GOE.
For quadratic Hamiltonians drawn from the GUE, let
us assume that the elements of single-particle energy
eigenstates can be written as uiq = xiq + i yiq, where i
is an imaginary unit, and both xiq and yiq are normally
distributed real numbers with zero mean and a variance
equal to 1/2. For quadratic Hamiltonians drawn from the
GOE, the elements of single-particle energy eigenstates
xiq are normally distributed real numbers with zero mean
and unit variance. The derivation of mean traces of the
correlation matrix J is based on repeated usage of the
following relations
1
N
N∑
i=1
|uiq|2 =
N∑
i=1
x2iq +
N∑
i=1
y2iq = 1 (S33)
and
1
N
N∑
i=1
u∗iquip =
1
N
N∑
i=1
xiqxip +
1
N
N∑
i=1
yiqyip
+
i
N
N∑
i=1
xiqyip − i
N
N∑
i=1
yiqxip = δqp,
(S34)
which are valid in the thermodynamic limit (i.e., N →
∞). Above, we used the fact that the mean of a product
can be replaced by the product of means, i.e.,
1
N
N∑
i=1
xiqxip =
(
1
N
N∑
i=1
xiq
)(
1
N
N∑
i=1
xiq
)
for p 6= q,
1
N
N∑
i=1
xiqyip =
(
1
N
N∑
i=1
xiq
)(
1
N
N∑
i=1
yip
)
for all {q, p}.
(S35)
where real parts xiq can be exchanged for imaginary parts
yiq and vice versa. Note that the identities in Eqs. (S33)
and (S34) are independent of whether the elements uiq
are real or complex. Such a difference in the nature of uiq
is only revealed when the mean values of higher powers
of uiq are considered. For example,
1
N
N∑
i=1
|uiq|4 = 1
N
N∑
i=1
x4iq +
1
N
N∑
i=1
y4iq +
2
N
N∑
i=1
x2iqy
2
iq
(S36)
For the GUE, we can rewrite this equation as
1
N
N∑
i=1
|uiq|4 = 31
2
2
+ 3
1
2
2
+ 2
1
2
2
= 2, (S37)
S5
whereas for the GOE we can rewrite it as
1
N
N∑
i=1
|uiq|4 = 3. (S38)
However, such means of higher powers of uiq only con-
tribute subleading terms to the average eigenstate entan-
glement entropy. For example, for n = 1,
Tr{J 2} = 1
L2
LA∑
i,j=1
L∑
q=1
|uiq|2|ujq|2
=
1
L
LA∑
i 6=j
(
1
L
L∑
q=1
|uiq|2
)(
1
L
L∑
q=1
|ujq|2
)
+
1
L2
LA∑
i=1
L∑
q=1
|uiq|4 = LAf +O(1) .
(S39)
Hence, all the results reported in this work are inde-
pendent of whether one deals with complex or real ran-
dom matrices. We note that the Hamiltonian matrices
for the SYK2 model are of the former type while the
Hamiltonian matrices for the PLRBM model are of the
latter type. Still, in the main text we showed that the av-
erage eigenstate entanglement entropies of both models
are consistent with our close-form expression for S¯.
S3. INVERSE PARTICIPATION RATIOS
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FIG. S1. Inverse participation ratio in (a) position space
IPRn, and (b) quasimomentum space IPRm. The results are
plotted vs the lattice size L for the SYK2 (circles) and the
PLRBM models. Lines are power-law fits in the interval L ∈[
102, 103
]
, which yield IPRn ∝ L−1.00 and IPRm ∝ L−1.00
for the SYK2 model, and IPRn ∝ L−1.02 and IPRm ∝ L−1.00
for the PLRBM model.
The SYK2 and the PLRBM (for the parameters con-
sidered in the main text) models are delocalized in po-
sition space and, in contrast to translationally invari-
ant models, they are also delocalized in quasimomentum
space. We illustrate this by calculating the inverse par-
ticipation ratios (IPR) in position and quasimomentum
space:
IPRn =
1
L
L∑
j=1
L∑
i=1
|vij |4 , IPRm = 1
L
L∑
j=1
L∑
i=1
|wij |4 ,
(S40)
where vji (wji) stands for the projection of the i-th single-
particle energy eigenket onto the j-th position (quasimo-
mentum) eigenket.
Figure S1 shows that, since IPRn and IPRm vanish
with increasing system size, the single-particle energy
eigenkets are delocalized position and quasimomentum
space, respectively.
